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We extend the mathematical theory of hcmolytic plaque growth to include plaques produced by c&s secreting anti- 
bodies in Izyers of finite thickness. Previous theorics have assumed that the layer was either two-dimensional or of infinite 
thickness_ By using the method of images we derive an equation for the plaque radius as a function of time for layers of 
any thickness_ We show that at short times and at Iong times the equation reduces to the appropriate intinite threedimen- 
sionzl and two4imensional limiting forms, and obtain expressions for estimating the ranse of times for which these limit- 

ing resutts are valid. For the liquid monolayer technique we obtain a new limiting result. The equation for the plaque radi- 
us is a transcendental equation which we solve numeriully for a number of cases of interest. These results Mustrate a varie- 
ty of different features of plaque growth associated with the fiiite thickness of the layer. Experimental studies are ususl- 
ly carried out in layers whose thicknesses are not standardized. In the assays commonly used the thickness h can vary more 
than six hundred fold. i.e. 1 X toe3 cm 5 h <, 65 X 10-l cm. Sush variation in h will ause widely different kinetics of 
plaque growth- For typical plaque experiments of one hour duration the two.dimensional limit is valid when h 2 3 x 10e3 
cm while the infinite thickness limit is valid when h ? 10-l cm. For thicknesses in between these vaIues the finite layer re- 
sults must be used. 

The great diversity in the specificity of the cells 
and molecules of the immune system has presented 
major technical difficulties impeding the advance of 
experimental immunology. The recognition by Edel- 
man that Bence-Jones proteins were a homogeneous 
popu’iation of immunogiobulin light chains secreted 
by a myeloma tumor made possible the determina- 
tion of the primary structure of immunoglobulin [l ] _ 
Of similar importance was the developmertt by Jerne 
and Nordin of a simple method of identifying those 
fymphocytes in a population which respond to a 
given antigen f2] - This technique, known as t&e Jerne 
hemolytic p&ape ms~y, has allowed much infonna- 
don to be obtained about the dynamics of the im- 
mune response and the collaboration between various 
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cell populations in augmenting or suppressing the re- 
sponse_ Under appropriate circumstances the plaque 
assay can also be used to ascertain fundamental prop- 
erties of antibody secreting cells, such as the number 
of antibodies secreted per unit time [S,4f, the affini- 
ty [Sl , and possibly even the electrophoretic mobili- 
ty [S] of the secreted antibodies. 

In order to obtain quantitative information about 
antibody secreting cells a mathematical theory of 
plaque growth is necessary. DeLisi and Bell 171 have 
developed a theory for spherical plaque formation in 
aar which is infinite in extent in a11 three spatial di- 
mensions. DeLisi 181 and Gotdstein [9] have extend- 
ed rhe theory to include pfaques formed in monolayers 
of red blood cells. However, neither the infinite three- 
dimensional nor the infinite two-dimensional geome- 
tries correspond to the geometry of the actual assay sys- 
tem. It is the purpose of this communication to present 
ageneral theory of plaque growth valid in layers of fi- 
nite thickness and to access the circumstances under 
which the simpler infinite two- and three-dimensional 
solutions are vaiid approximates to the actuaf solution. 
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In section 2 we discuss the experimentai procedure 
followed in perfo~lng she hemolytic pIaque assay 
with particular attention devoted to the physical di- 
mensions of the various assay -systems. Section 3 pre- 
seats the mathematical theory of plaque growth. Here 
we restrict our attention to cases in which the inter- 
action between antibody and antipcnic sites on red 
bIood cefts is rerersible and equilibrium controlled. 
Other cases can be treated by simiiar mathematical 
techniques (see appendix 2). In section 4 we discuss 
the qualitative behavior of our solutions, compare 
them to the previousiy detemiined infinite two- and 
three-dimensional approximations, and suggest the 
experimental circumstances under which each solu- 
tion is valid. In section 5 we summarize our results 
and discuss their importance. A list of symbols is ap- 
pended to the paper. 

2. The assay 

The hemolytic piaque technique as first introduced 

by Verne and Nordin [2,10] permits the detection of 
Iymphoid cel.ls which produce antibodies against red 
blood ceiI (RBC) antigens*_ In the technique lymph- 
oid cells, usually from the spleen of a mouse previous- 
ly immunized with sheep RBC, are combined with 
antigen (sheep RBC) and nutrient medium in an agar 
iayer. The layer is incubated at 37“C for one to two 
hours after which it is flooded with guinea pig com- 
plement. The complement causes the lysis of RBC 
that have sufficient numbers of antibodies bound on 
their surfaces_ The Iysed cells form clear areas in the 

agar, called ptaques. Each piaque has at its center an 
antibody-forming cell (AFC) which secretes antibody. 
The diffusion of the secreted antibody radially out- 
ward from the AFC causes the formation of plaques 
which are initkdly spher~c~y symmetric_ Cell concen- 
trations are chosen such that the plaques from differ- 
ent AFC do not overlap. 

Humphrey [I 1 ] has estimated that one IgM mole- 
cule on a RBC surface is sufficient to bind comple- 
ment but approximate& 800 IgG molecules are need- 
ed for lysis to occur. Because 1gM is so much more 
efficient at binding complement than IgG, this tech- 

* Abbreviations: REC, red blood cells; AFC, antiaody form- 
ing &is; ig&f, immunoglobin hi; IgG, immunogtobin G. 

nique usuaiIy detects only I&f secreting cells. 
Since its introduction the hemolytic plaque tech- 

nique has undergone considerabie m~di~c~tion and 
extension_ (For a detaiIed description of these modi- 
tkatiorlS as we11 as a complete list of references, see 
the recent review article by Jeme et al. [ 13]_) For 
example, AFC whir& make antibodies against a wide 
variety of haptens and antigens can now be detected 
by using RBC with haptens or antigens covalently 
coupled to their surface f 12-- 161. AFC that secrete 
IgG can be made to produce plaques by using certain 
“indirect” techniques [17-191. Substitutes for agar 
are now used [20] and liquid layer methods which 
use no support material are frequently employed 
[Z I-23]. Also microchamber techniques which use 
very thin layers to detect AFC are now in wide use 
[2 1,24-261. 

In the plaque-in-agar method a petri dish is first 
coated with a layer of pure agar. A top agar layer con- 
taining AFC, RBC, spken cells and nutrients is then 
poured over the bottom agar layer_ Compiement can 
be added to the top agar layer at the initiation of the 
experiment or after the cells have incubated for an 
hour. In the plaque-in-agar experiments of Merchant 
and Peterson [26] the thickness of the top agar Iayer 
was approximately 0.15 cm. For these experiments 
the thickness of the bottom layer was not reported, 
but in general it ranges from 0.1-0.5 cm [IO,271 _ 
Thus for these experiments the total layer thickness 
h 5 0.65 cm. In this technique plaque radii are of the 
order of 0.005 cm, but range up to 0.02 cm f2,26] _ 
More recently the bottom layer has been dispensed 
with in favor of a single layer coated onto a slide. 

In the liquid microchamber technique small cham- 
bers on microscope slides are filled with AFC, RBC, 
complement and culture medium. Since there is no 
support material the cells settle to the bottom and 
form a monolayer [22]. However, the height of the 
chamber is considerably larger than a single cell diam- 
ettr. In the experiments of Merchant and Peterson 
the chamber thickness Cz = 0.003 cm, with plaque 
rad:i ranging between 0.002 cm and 0.04 cm [26], 
wh!e in the Iiquid layer experiments of Cunningham 
and Szenberg, II = 0.01 cm [22] and the plaque radii 
ranged up to 0.035 cm [28] _ 

Nossal et al. [25,29 J modified an assay system first 
introduced by Ingraham and Bussard [ZOJ that used 
carboxymethylcellulose: (CMC) as a support material 
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and developed it into a mon&yer technique. In their 
technique open layers CLOG12 cm thick of CMC con- 
taining AFC, RBC, complement and culture medium 
were made on coverslips and covered with paraffin oif 
to prevent evaporation. Average plaque radii were 
0.006 cm but extended up to 0.01 cm [29] _ 

As can be seen, there is wide variation in the thick- 
ness of the layers employed in the various plaque as- 
says. In the experiments surveyed above, there is over 
a six hundred fold variation in layer thicknesses, i.e. 
0.00 1 cm 2 It 0.65 cm_ The kinetics of plaque growth 
is determined in part by the thickness of the layer. 
(In the p~3que-in-agar technique when a bottom layer 
is employed, it is the total thickness of the bottom 
plus the top Iayer which must be considered, since 
antibodies can diffuse into either layer.) In order to 
correIate plaque size with various physical parameters 
such as the rate of antibody secretion by the AFC or 
the affinity of the antibody an accurate mathematical 
description of plaque growth is needed. 

3. The theory 

‘t&e ma~ernati~~ theory of the growth of hemo- 
lytic plaques has been developed for two iimiting 
cases: the infinite three-dimensional case in which the 
gel is assumed to be intiriite in all three spatial dimen- 
sions so that the diffusion of the secreted antibodies 
is unaffected by any boundaries; the twodimensional 
case in which the layer is assumed Co be infinite in ex- 
tent but sufficie&ly thin that there is no variation in 
the antibody concentration in the direction perpen- 
dicular to the layer. In the infinite threedimensional 
case f&e plaques are spherical, while in the twodimen- 
sionai case they are cy~d~~* We first review the re- 
sults for these cases since they will be important in 
obtaining and understanding the solution to the finite 
layer problem. 

As an idealized model consider an AFC that se- 
cretes antibodies isotropically at a constant rate S. 
These antibodies are assumed to diffuse in a layer of 
thickness k with a constant diffusion coefficient D 
and to bind to sites on the surfaces of REC_ The RBC 
are taken to be distributed uniformly in the layer. Let 
C(X.JJ, z, t) be the free antibody concentration, Iet 

c&,y, z, t) be the concentration of antibodies bound 
to RBC at (_r.y, z) and fet r be the secretion time, i-e. 
i = T - T,, where T is the total time the AFC has 
been in the layer and To is the time at whicit the AFC 
started to secrete antibody_ At t = 0, c = cb z 0. 

For the infinite three-dimensional case (rr: + =) the 
free antibody concentration. obeys the following equa- 
tion: 

aclat = DV% - aqaf f s(r), (14 

with the boundary condition, c(r, t) + 0, as jr1 + 00. 
Here the AFC is treated as a point source situated at 
the origin, 4’ is a threed~mensiona~ position vector, 
pointing from the origin to the point with coordinates 
r= (x,y, z), and 6(r) is the threed~mensional Dirac 
delta function [S(r) = &~xx)6@)6(z)j _ The three terms 
on the right hand side of eq. (la) represent changes 
in the free antibody concentration due to diffusion, 
binding to RBC, and, at the origin, production of anti- 
bodies. 

For the twodimension case (It finite} the AFC 
is treated as a cylindrical source situated at the origin. 

The appropriate equation is then 

afpt=pA - aqar + (S/k)G(R), (lb) 

with the boundary condition c(K. t) --f 0 as {RI + = 
for alf finite L Xere h is the thickness of the layer, R 
the two-dimensional position vector and 6(R) the two- 
dimensional Dime delta function [S(R) = S(x)lSQ)f _ 
The factor h is included in the source term so that 
when integrated over any volume that includes the 
entire source, S antibodies are secreted per second, i.e. 
h 

fIJ 
(S/k)6(R) dx dy dz = S. 

0 
To proceed, an equation for the rate of change in 

the bound antibody concentration is needed. We shali 
assume that the binding of antibody to an antizenic 
determinant on the RBC surface follows the law of 
mass action 

agat = t2kfcp - krcb, (21 

where k, and k, are the rate constants describing the 
binding and the dissociation of an antibody combin- 
ing site with the cell surface, u is the antibody valence 
(10 for IgM) and p is the concentration of free anti- 
genie determinants. 

There is indirect experimental evidence that for 
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direct plaques formed in iayers which contain RBC 
antigens or sparsely haptertated RBC ( IO5 haptenf 
RBC or less), the free and bound antibody concen- 
trations are in IocaI equilibrium [6,8] _ If we assume 
tocal equilibrium fix. a+, JiG = 0 in eq. (2)] then 

Cb = uKcp, (3) 

where K =k,/k, is the affinity of a single antibody 
combining site for a single RBC antigenic determinant 
(epitope). 

For local equilih%m to bbtain, the antibodies 
must rapidly go 0’1 and off the RBC surfaces. This 
implies that thr: binding is by single site attachment 
[30] _ (When antibodies bind mu~tivale~tly the at- 
tachments are very long-lived and Iocal equ~ibrium 
is not a good assumption 13 11.) With single site bind- 
ing the free antibody concentration, which is due to 
the secretion of antibodies by a single AFC, is never 
high enough for a large fraction of the RBC sites to 
be bound at measurable distances from the AFC [3]. 
If pg is the total concentration of the antigenic sites, 
i.e. p. E ~PRBC, where e is the number of epitopes 
on a single RBC, and PRBC is the RBC concentration, 
then p * po_ When this condition holds eq. (2) be- 
cbmes 

=b = drpoc. (4) 

The constraints of local equilibrium, single site at- 
txhment and p % p. may be somewhat restrictive. 
For our purposes we shall onIy require the vahdity of 
eq. (4) and not the full implications of these condi- 
tions. For example, at long times, models of muhisite 
attachment which utilize sequential binding reactions 
and p % p. may also give rise to eq. (4) [3 11. 

When eq. (4) is substituted into eq. (la) or (ib) a 
diffusion equation is obtained, 

sag= Xi% +; S(r), th?eed~ensional; 

j&-$+ ?c i $j S(R), two&rnensiona’f, 

where D* is the hindered diffusion coefficient 

D* = D/( 1 + u&r,)_ 

The solutions to eqs. (Sa) and (5b) are (81 

&, r) = (S/4&%) erfc [(g/4D’t)11’ f , 

(54 

(=I 

6) 

threedimensional; 
(7a) 

c(R, f) = (S[~?TDZZ)E~ (R’/4D’r), t~vu~imensional, 

(7bZ 

where erfc ( * ) is the complementary error function, 
and El( - ) is the exponential integral of order one. 

To define tire plaque radiur we assume that at the 
plaque radius there are N antibodies bound per RBC 
(for ighl Jetne has estimated that N is between 1 and 
10 [ 121). With this definition and eq, (4), 

N = CbJPRBC = L?Kec_ @I 

Since eq. (8) is only satisfied at the plaque radius, the 
fobowing equations can be obtained for the two- and 
three-dimensional pfaque radii, rr, and R,, respective- 
lY* 

4~iDN/ufC& = ( I /rp) er fc ((</4D*r)“‘] , 
three-dimensional; 

4irDU%&kS = E&R;I4D*t), 
(Pa) 

two-dimensional. 

(Pb) 

The left hand side of eq. (9b) is a constant which 
imp&~ that the argument of Et ( - ) must be constant. 
Thus, the theory predicts that for very thin layers 
R’pjt = constant. This has been observed [20,25,29I. 
In three dimensions antibodies can diffuse over a larger 
volume than in two dimensions and hence we expect 
r2 to grow more slow& than the first power of r. If 
&- is is so, then as r becomes very Iarge, r2/t goes to 
zero, erfc (t’J4D’t) goes to one, and thenplaque radi- 
us approach% a constant: r& + =J) = vKeS/47rDlV. 
This result is indeed true and can be obtained in a rig- 
orous fashion by setting &/at = 0 in eq. (5a), soiving 
for c in the steady state, and substituting into eq_ (8)_ 

in the assay systems used in the laboratory h is 
rarely greater than 0.6 cm and usually is considerably 
smajler. One expects the threedimensional approxi- 
mation to be valid if the plaque diameters are small 
compared to h. However, even if this is the case some 
AFC will be near the top or bottom of the layer caus- 
ing the effects of the boundary to be felt. For layers 
with h * 0.01 cm the plaque radii are expected to be 
of the same order of magnitude as h and neither the 
twodimensional nor threedimensional approxima- 
tions wti be valid for a wide range of times. No mat- 
ter what the thickness of the fmite iayer, at iong 
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z-CL 

_--- -_Q- - -_- fBZ’ 

-_--_-_---- z-0 

z-- L 

Fig. 1. An antibody forming cell (0) a distance Z’ above the 
enter of a layer. The thickness of the layer equals 21. 

enough times the two-dimensional result will eventual- 
ly hold, provided of course the AFC secretes anti- 
bodies at a constant rate for the entire experiment. 
For a given layer thickness it is clearly of interest tc 
know how long the three-dimensional approximation 
holds and at what time the two-dimensional approxi- 
mation becomes valid. To answer such questions, and 
to obtain a pIaque theory valid for all times, we now 
consider plaque formation in finite layers. 

We again consider an AFC in a layer of infinite ex- 
tent and finite thickness h, but now we do not ignore 
the diffusion of antibody perpendicular to the layer. 
The layer can be thought of as being bounded by two 
infinite planes through which antibodies can not pass. 
We set up a coordinate system such that the planes 
areatz= +I and z = -& h = 21 (see fig_ I), and the 
AFC is off center at the point (O,O, t’), -I < z’ G L 
The problem is to solve the following equation for 
t>O, 

(l/P) acjaf = v2c + (s/o)s(~)s~p(~-t’), (10) 

subject to the boundary conditions that at z = Y, the 
antibody flux perpendicular to the boundaries vanish, 
i.e.aclaz=Oatz=+Iandc(x,y,z,t)~Oasx,y~m 
for al1 finite t. For t =G 0, c = 0. 

We soIve this problem by the method of images, 
a technique commonly used in electrostatics [32] . 
We extend the medium to z = SY and replace the 
boundary conditions by fictitious (image) sources 
placed outside the boundaries, whose positions and 
mapitudes are chosen in such a way that &/& = 0 
atz=?z. 

Rather than solve eq. (10) directly we first solve 
for c’ = CJc/at and then integrate c’ over time to ob- 
tain c. 

----- ---- z= EL-Z‘ 

z= L 
---- -+___-_ z. t’ 

------_a_-- z=o 

Fig. 2. An antibody forming cell (0) in front of a single bound- 
are pIane_ The image source (0) at z = 21- z’, and the anti- 
body forming cell at z = f’ are equidistant from the pktne at 
z=L 

C(X,Y,Z, t) =Jc’(.~.JJ,z. r)di. (11) 
0 

By differentiating eq. (10) with respect to time it can 

be seen that c’ obeys the equation* 

(l/o*) ac’/ar = v2cr+ (s~o)sg)s(r~)s~)s(z-~‘), 
(13) 

with ac’/az = 0 at z = +I_ Eq. (IX) has been solved for 
the same geometry but a different boundary condi- 
tion, c’ = 0 at z = 3, by Carslaw and Jaeger [33] _ We 

use the same techniques as outlined by Carslaw and 
Jaeger to solve our problem. 

The solution to eq. (12) for the infinite three- 
dimensional c3se is 

c’(r. r) = (SD*/SD) (nD*r)-3” exp [-<r’)2/4D”t] , 

(13) 

’ where (r ) 2 = 2 +_v” f (~-2’)~ _ I;‘ eq. (13) is integrat- 
ed from 0 to r, eq, (7a) is reobtained. 

The solution to eq. (12) if just one boundary is 
present at z = I with z’< I (see fig. 3) is, 

c’(R, z, 1) = (SD*/ED) (7rD*t)-3’2 exp (-R2/4D*t) 

X {exp [-(z-z’)2/4D”t] + exp [-(z+z’-21)2/4D*t] ), 

(14) 
where Rz =x2 +yf_ This is because only one image 
source, at z = 21- z’, is needed to satisfy the bound- 
ary condition at z = 1. 

When two boundary planes are present an infinite 
number of image sources are needed since every time 

z c’ is the Green’s function for this probIem. Eq. (12) follows 
from eq. (10) by .coting that the right hand side of eq. (IO) 
can be written for alI t asSH(t)6(~)6@)6(r-z’)/D where 
H(f) is the Heaviside function: H(r) = 1 for E > 0 and H(f) 
= 0 for t < 0. This function has the property that W(t)/dr 
= #5(t). 



20 El. Gokistein. AS. Pere&on/l?ie hemolytic pkzque assay 

i 

2 = -2 L-z’ 

Fig. 3. An antibody forming ceil (0) a distance Z’ above the 
center of z layer. The boundary phnes of the layer are at z = 
*I. The first six image sources are shown. l is an image of c, 
X an image of a, and a an image of X. 

an image source is introduced to satisfy the boundary 
condition at one plane, it causes the boundary condi- 
tion to no longer be satisfied at the other plane. In 
fig. 3 the positions of the required image sources are 
shown. From this figure and eq. (13) it is straight- 
forward to write down the solution to eq. (i2), 

c’(R. z. r) = (SD*,%D) (TD*~)-~‘~ exp (-R2/4D*t) 

X {exp i-(z-r’)‘/4D*t] + exp [-(~+z’+2L)~/4D*t) 

+ exp [-(z f z’ - 2#/4D*t] 

+ exp[- (z - Z’ + 4f)2/4D*t] 

f exp[- (2 - 2’ - 4Z)2/4D*t] 

+ exp [- (z f 2’ + 6Z)‘/4D+t 1 

+ exp[- (z + z’ - 6Z)2/4D*t] .._I, (15) 

which can be rewritten in the following form: 

c’(R, z, t) = (SD*/SD) (r~D”t)-~‘~ exp (-R2/4D’t) 

[ 

n-_ca 

X C exp {-[zfz’f(2n-l)ZZ] ‘/4D*f) 
n=_m 

exp[-(z-z't4tfZ)2/4D*t] 
1 

. (I61 
n=--o3 

To obtain an expression for the free antibody concen- 
tration we substitute eq. (16) into eq. (1 l), the result 
being that 

c(R, z, t) = (S/4siDh)u3, 3dim. expansion, (17) 

where 

0, = r,2/4o*r, (I8b) 

< = R' f (z-z’+411Q2, (W 

Bn = L;/4D*t. (18d) 

L; = _P” f (ziz’-21+4nl)2. (IBe) 

Note that for II = 0 the first term in eq. (18a) when 
substituted into eq. (17) is just the infinite threedi- 
mensional result, where the source is at (O,O,z’)_ When 
z’ = 0, a3 reduces to 

o3 = (k/r) erfc [(G/4D*t)1’2] 

where dz = R2 + (z+2~1)~. The first term on the right 
corresponds to the threedimensional solution [eq. 

(7a)l. 
Although the sum in eq. (17) converges for all fi- 

nite values of the parameters, only for short times 
will it converge rapidly. We therefore obtain another 
expression for c(R. z. f) which converges rapidly for 
Iong times. To do this we use the following identity 
(see p_ 275 of ref. [33]): 

I5 exp [-(zf2nQ214D*f] = [(~~D*t)“~j~j 
n=---” 

X 1 f 2 n$I cos(nnz/l)exp(-a2~D*tli2) . r L 1 
With this identity, eq. (16) becomes 

c’(R. z, f) = (Sl87rDtc) exp (-R2/4D*t) 



x 
C 
1 + .c, {(-I)” COS[ll7r(Z f 2’)/21] 

= 

+ ws~m7(z--z’)~2l]) exp (--n21i2D*t/412) . 
3 

(20) 

When this expression for c’(& z, t) is integrated 
from 0 to t. one obtains 

c(R, z, t) = (S/4zDz) uz, 2dim. expansion, (21) 

where 

f cos [/1n@-.2’)/21] } 1,. (22) 

In is the following integral (its properties are discussed 
in ref. [6J )I 

r, =j-(“)-1 exp ~~~2/4D*t’+rt’~‘D”t’~4~2))l dr’. 
0 (231 

Note that the first term in eq. (22) when substituted 
into eq. (2 1) gives the twod~ensiona~ result feq. 

(7b)l- 
We now have two expressions fcr c(R, 2, C), one 

which we expect to converge rapidly for short tunes 
and one which we expect to converge rapidly for long 
times. We are interested in how plaque radii grow with 
time which means we must solve eq. (8). The two 
equivalent equations for the F’iaque radius which we 
study in the next section are, 

4dlhff/vKeS = cr3(R, z. t), 3dim. expansion; (24a) 

4rrDW/uKeZ$ = u2(R, z, z), 2dim. expansion, (24b) 

where u3 and 02 are given by eqs. (ISa) and (22), re- 
spectiv&y. 

4. Results 

For an AFC near the center of a gel, at short times, 

the pfaque will be spherical and grow as if it were m 
an infinite threedimensional medium, while at long 
times the plaque will be cylindrical and grow as if the 
diffusion were planar. To visualize this one can think 
of the plaque as a leaky bafaon being blown up by 
having air enter it at a constant rat&_ TnitiaUy the bai- 
loon will be spherical, then it will come in contact with 

the boundary planes and deform. As time goes on the 
top and bottom wit1 flatten and the balloon’s shape 
will become more and more cylindrical. 

To see when the twodimensional solution applies 
- 

f cos [/li?(Z-z’)/21j ) r, ) V-5) 

02 can be approximated by El (R “/4D”t) giving the 
two-dimensional result, eq_ (7b). I,, has the property 
that ~~(~~R) 1, I,, where r, =1 m/h and Ko( l ) is the 
modified Bessel function of order zero [6]. We can 
overestimate the right hand side of eq. (25) by replac- 
ing f,, with K,(y,R) and the two cosine terms in 
brackets by +2. Thus when 

the twodimensional result holds and the plaque radius 
is given by [see eq. (9b)] 

C37) 

&,(r,R) decreases monotonica ly wrth increasing 4t - 
y, R and hence with increasing values of ~1. In fact, 
for large values of its argument KO( l ) decreases expo- 
nentially [34]. Thus to obtain an order of magnitude 
estimate for the time at which eq. (26) holds at the 
plaque radius we replace the sum by its first term, 
Ko(-jt Rp). For some value of T1 Rp which we call NZ. 
0 % ZK&rr) for all rlRp > m and the twodimension- 
al solution will be Wid. Since R, = (4D*rp)1/7, where 
0 i: a constant related to 0 through eq. (27), the in- 
equality rl R, 2 nz can be rewritten to yield 

t & tt = mWf4?iWj3 , (25) 

*We assume that the balloon is leaky since antibodies ctn dif- 
fuse beyond the phque radius. This analogy is still not per- 
fect and shou!d not be reIied OR heavily. However. it does 
provide insight into the effects of geometry on the dynam- 
its of plaque growth. 
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Table 1 a) TabIe 2 a) 

II 0 P m t2 

(1O-3 cm) (5) 

1.0 0.5 5.5 x 10-t 5.3 8 
2.0 1.0 2.6 x 10-l 4.7 51 
3.0 1.5 1.4 x 10-l 4.3 177 
4.0 2.0 8.2 x 10-Z 4.: 489 
5.0 2.5 4.8 x 10-2 3.9 1180 

10.0 5.0 3.8 x 10-a 3.3 42700 

1) tz is the cstimnted time, beyond which the two+iimension- 
al solution is valid. ITI was chosen such that e/200 = Ko(m) 
in order rhar the condition 0 N 3X0(m) be met. fi u&tics 
the equation V = Er (p) and its value was obtained from com- 
puter generated tables for the exponential intcgral of order 
one. The value of 0/h used is a typical value 161, which can 
bc obtaina from the followin_e set of parameters: N = 2, 
D*=D==1.7x lo-‘cm2/s,K=Sx 104M-‘,u=lO,e= 
lo4 sitcs/RBC and S = lo3 Ah/s. 

h o/h (cm-‘) 
(10B3 cm) p.- 

100 500 1000 I500 2000 

1 0.08 0.13 0.21 0.33 051 
2 O-4 0.8 2.0 7.9 20-4 
3 0.9 3.0 10.6 38.6 143.2 
5 1.9 8.1 48-7 254.6 1758.7 
5 3.2 19.7 177.9 1684.3 17407.4 

a) t2 in min. Each column corresponds to a particular value 
@/FL The O/~Z values were chosen to reproduce the erperi- 
mentdy observed rzmge of plaque radii. i.e. for f = 1 h. II = 
3 x 10-3 cm and e/h = 100 cm-I, 500 cm-l, 1000 cm-*, 
1500 cm-’ and 2000 cm-‘, respectively, Rp = 448 p, 
185 .u. 84 JL. 39 J.L and 19 P, respectively. 

where tl is in lower bound on the time necessary for 
two-dimensional plaque growth. 

as 5 x 10-3 cm before the twodimensional limit 
breaks down (when h = 5 X 10M3 cm and 8/h = 500 
cm-l, t2 = 19.7 min). 

The dependence of tZ on h is somewhat greater 
than the second power (II*) because of the dependen- 
cy of r?12/p on h. This can bo seen from table 1 where 
we list values of t2 for different values of 11. In order 
to evaluate 1~ we assumed 8 was 100 times greater 
than 2Ko(rrz). 

4.2, Times for which the three-dimensional SoluiiOt~ 
is valid 

TV depends on the properties of the AFC as well as 
on the thickness of the iayer. As 6 decreases for fixed 
It (which correspands to a stronger AFC in the sense 
of higher emission rates or affnities) m2/lj decreases 
and t2 goes down. The reasonableness of this result 
can be seen by the following argument: the more anti- 
bodies secreted per second the more rapidly anti- 
bodies diffuse to the boundary (due to increases in 
the concentration gradient) and the more rapidly the 
variation in the free antibody concentration in the 
z-direction disappears_ Values of t2 for different val- 
ues of 0 are listed in table 2. Weak antibody secreters 
correspond to large values of O/h and therefore, for 
fmed h, t2 increases with increasing 13fh. The 8/h val- 
ues in table 2 were chosen to reproduce the experi- 
mentalIy observed range of plaque radii. For t = 60 

min, the duration of a typical plaque experiment, the 
two-dimensional limit will be valid when h 5 3 X 
10B3 cm for all AFC except the very weak secreters 
(whenh=3 x IO-3 cm and f3/fz = 2000 cm-~, r2 = 

143 min). For very strong secreters h may be as large 

To see when the inifmite three-dimensional result 
holds we consider the sum q given by eq. (18a). The 
n = 0 terms correspond to the source and the nearest 
image source, Other terms correspond to the contribu- 
tion of mc-re distant image sources. The infinite three- 
dimensional result will hold when the contribution 
of the actual source is much greater than that of its 
images. Since the nearest image source contributes 
the Iargest correction term we can get an order of mag- 
nitude estimate of the time span over which the in- 
finite three-dimensional solution is a valid approxima- 
tion by finding the time for which the contribution 
of the source is much greater than that of the nearest 
image source, i.e. 

erfc (#‘)/~o Z+ erfc @#‘)/LO, (29) 

where Lo = [R2 -L (z+z’-202] ‘I2 and B. = Li[4D*t. 
Satisfaction of this inequality provides a necessary 
condition for the validity of the three-dimensional 
solution. We shall show that if the three-dimensional 
solution is valid then t must be less than some partic- 
ular value t3. This will inply that for t > t3 the three- 
dimensional solution is not valid_ 

The right hand term in eq. (29) is largest when Lo 

- 
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takes on its smallest value. This occurs along the z- 
axis where R = 0. Further, since we wish to know 
whether this inequality is satisfied at the plaque bound- 
ary, we choose z = z’ f rp, where rP is the plaque radi- 
Us measured along the z-axis_ (Here we are assuming 
that z’ is positive, i.e. that the AFC is in the upper 
haif of the gel. If Z’ is negative we choose z = z’ - rp _ 
When the three-dimensional solution holds, the pIaque 
will be spherical and rP will be the true plaque radius.) 
Thus in eq. (29) we replace Lo by W-z’) - rP which 
we write as (1 -f)h*, where h* = 2(1-z’) is the dis- 
tance between the source and its nearest image source, 
and f = rp/h*. Since the plaque radius must be smaller 
than the distance between the AFC and the top of 
the layer, rP d 2 - t’ andfmust lie between 0 and 0.5. 

Substituting this value of L0 into eq. (29) one 
finds 

erfc (#2)/ro + erfc [( f -a (B:)1/2 ] /( 1 -f’)h*, (30) 

where Bz ? (1~*)*/4D*f_ For times at which eq. (30) 
is valid, the three-dimensional solution is a good ap- 
proximation and 4rrDN/vKeS = erfc (#‘)/ro. Defin- 
illgtP= 4nDh*iV/uKeS eq. (30) becomes 

(1-~B*~erfc[(i-~(~~L12]_ (31) 

Choosing a positive number Q such that (1 -flfII * s 
erfc (4). and noting that erfc ( * ) is a monotoidcly 
decreasing function one finds that eq. (3 1) is valid if 
(1-d (Bz)li2 >, q, or equivalently, if 

t < (1 -n2 (12*)2/4D*42. (32) 

Since 0 <fG 0.5 and f = 0.5 only when the plaque 
radius hits the bocndary, one would expect f to be 
small when the inifiite threedimensional solution 
breaks down. Thus, we can replace eq. (32) by* 

r=Gr, 3 (h*,2/4D*fJ2. (33) 

In table 3 we obtain numerical values for t3 for vari- 

* A more rigorous esthnate can be obtained by underestimat- 
ing the right hand side of eq. (32). This can be done by 
overestimating fand q_ In terms of fthe infinite threedi- 
mensional solution, eq. (9a). can be written asfe’ = 
erfcQB& Since e&(x) < 1 for allx. f> l/S*. This inequal- 

ity only holds for B* > 2 sincef< 05 (atf= 0.5 the pIaque 
radius has reached the boundary and eq_ (9a) GUI no longer 
hold).Ih~onecantakef=05forBL62andf=t/e*for 
S * 3 2. For rYge values of 0 l estimates obtained this way 
approach those given by e+ (33). 

Table 3 a) 

h* (lo-3 cm) 0* 4 r3 (9 

2.0 1.0 1.83 1.8 
3.0 1.5 1.72 4.5 
4.0 2.0 1.64 8.8 
5.0 2.5 1.59 14.5 

10-O 5.0 1.39 76.1 
SO.0 25.0 a.82 5467 .? 

a) A necessary condition for the inifrlite threedimensional 
solution to be valid is t +Z tj. q wtx chosen such that 0/100 
= erfc (4) in order that the condition B S- erfc(q) be met. 
Thcs;imevalue of G/h and De was used as in t&k 1. i.e. 

O/h = 500 cm-t and D* ==D = 1.7 X 10T7 cm2fs_ 

ous values of fz* by choosing 4 such that erfc (4) = 
0.010’. Since erfc (q) G 1 for all 4, if 0 >, 100,4 is 

not defined and eq. (33) cannot be used to estimcte 
t3_ In deriving eq. (33) only the source and its nearest 
image was considered (the II = 0 term in 03)_ When B 
becomes large u3 converges slowly except at very 
short times. To derive an expression for t3 which is 
valid for all 0 the contributions from image sources 
more distant than the nearest must be taken into ac- 
count. This is done in appendix 1. However, for 8 Z$ 
50 our numerical studies show eq. (33) is quite ade- 
quate. (For example, for an AFC at tie center of a 
layer with h = 0.05 cm,D = 1.7 X 10s7 cm2/s and 
13 = 25, at r = r3 the exact and infinite threedimen- 
sional solution for the plaque radius in the z = 0 plane 
differ by 2%. Wirh the same parameters and 8 = 50 
the difference is 370.) 

The three-dimensional result wilI first break down 
for the strongest secreters. When 0/h = 5.14 cm-l 
and h = 10-t cm, r3 = 1.04 h. This e/h value corre- 
sponds to a *:ery strong secreter. It can be obtained 
from the following set of parameters: LV = 2, D* = D 
= 1.7 X 10m7 cm2/s, K = lo5 M-l, u = 10, e = lo5 
sites/RBC and S = 5 X IO3 Ah/s. The experimentally 
observed e/h values are usually larger than this. 
Thus, we expect the infiiite three-dimensional limit 
to hold for h 2 lWL cm. 

4.3. Numerical studies 

AIthoq$ we have obtained expressions for the dy- 
namics of plaque growth in finite layers, the resulting 

equations (eqs_ (24)] are implicit. Since we know of 
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no anaIyticaI procedure for obtaining the pIaque radi- 
us as an explicit function of time we have sobed eqs. 
(24) numerically. An algorithm developed by Dekker 
135 ] for tinding the zeroes of a real valued function 
was used to solve 0 - ui = 0, i = 2 or 3, for the pIague 
radius. The sum u3 which runs from -m to 00, was 
broken up into the II = 0 term, plus two sums which 
ran from I to =J_ These latter two sums, both ofwhich 
were convergent, were truncated when the next term 
in the sum was less than IOd6 the vahre of sum. A 

simiiar convergence criterion was used for o2 _ How- 
t?ver in order to exclude zero terms generated by the 
vanishing of the cosine terms, onIy the value off, was 
compared to that of the sum. The integrals 1, were 
evahtated by an adaptive seven-point Newton Cotes 
formula. Since the integrand had a very sharp maxi- 
mum which could be missed by a mistaken choice of 
step size, the integration region was divided into sec- 
tions such that the maximum occurred at the bound- 
w between two sections. 

We now report the results we obtained by solving 
eqs. (24) numerically. For Iiquid chambers we took 

D*a D = 1.7 X 10M7 cm2/s, the experimentally de- 
termined D20,w value for IgM [36,37]. In gel, D for 
IgM will vary depending on the gel composition. For 
our numerical work we took D = 8 X 10-g cmz/s for 
Iayers containing support material. 

4-3. I. Thin agar layer 
In fig. 4a the first 15 min of plaque growth is 

shown for an AFC at the center (z’ = 0) of a thin agar 
layer (h = 6.3 X 10W3 cm)_ Eq. (33) predicts that for 
t < 42 s the infinite three-dimensional result will hold, 
Onz can see the curve for the infinite threedimen- 
sionaf case does in fact hold for these times and be- 
gins to deviate from the exact solution for t = 50 s. 
Curves for the plaque radius at the top z = I, at z = 

112, and in the pIane of the AFC (z = 0) are shown. 
At short times there is a large difference between the 
plaque radii measured in the z = 0 and z = ( planes. 
As c increases and the pfaque becomes cyiindrical this 
dispersion in the radii goes to zero (see fig. 4b). Eq, 
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(b) 
Fig. 4. (a) The plizque radius squared as a function of time for 
an AFC ii: the center of a layer (.z = 0) of thickness h = 6.3 x 
iOm3 cm. For all curves 0 = 1.5 and D = 8.0 x 10” cm*/s. 
The exact results for the plaque radius measured in the t = 0 
and z = I pbne are given by curves l%(O) and Ex(l)_ The x’s 
are the cxwz dues for the plaque radius mezsured in the z = 
l/2 pl;me. Shown dso is the two&mensional Limit (2D) and 
the infinite three&mensional tiit. The three curves labeled 
31)(O), 3DUIZ) and 3D(I). correspond to the plaque radii meas- 
ured in the z = 0.1/Z and I pIanes. i.e. the radii of circles which 
are tie inter~cticns of those pkmes with a sphere whose radi- 
us corresponds to the infinite three+iimensional hit_ (b) The 
sme system z in (a). aihe point.5 correspond to the exact so- 
lution. The top and bottorr_ of the error bars correspond to 
the plaque measured in the z = 0 and r = I pLxne.s respectively. 
Shown also are the ~urvcs for the two- (2D) and infinite three- 
(3Dl dimensional limits. For the infinite three-dimensional 
limit the plaque is measured in the z = 0 plane. 



(28) predicts that the two-dimensional result will hold 
fort > 1680 s. For r = 1000 s, R = 6.80 X 10m3 cm, 
6.79 X 10W3 cm and 6.78 X LO-5 cm for I = 0,[/2 
and I respectively. The two-dimensional fimit predicts 
R, = 6.79 X 10-S cm. For this thin layer, even by 
400 s, the two-dimensional result is within 2% of 
the actua! solution at any point in the layer. 

There are some additional noteworthy features of 
fig. 4a. First, at z = I the plaque radius is essentially 
zero until t * SO s (at 75 s the plaque radius at z = I 
is computed to be I9 X lO-‘O cm). At z = If2 the 
radius is negligible until t = 20 s. These delays in the 
growth of the plaque reflect the finite time it tjkcs a 
molecule to diffuse from the AFC at z = 0 to RBC at 
z = I/2 and z = 1. Using the mean square distance a 
molecule diffuses in an infinite three-dimensional me- 
dia, from a continuous source*, <rz> = 3L)r. one finds 
that the time to diffise to z = I is 26 s. However, since 
enough molecules must diffuse so that at equilibrium 
Nare bound to each RBC it is not surprising that the 
plaque radius is zero until a tire greater than IL6 s. 
Second, at the top of the layer (z = Z) Ri/r * constant 
for almost all times after the plaque appears. This may 
retlect the fact that by the time the plaque forms OR 
the top layer there is very little variation of the anti- 
body concentration in the zairection. Third, at z = 
i/2 the plaque radius grows at a rate very close to that 
predicted by the two-dimensional solution for t 2 50 s. 

The best agreement with the; twodimensionai solu- 
tion should be obtained somewhere between the AFC 
and the top of the iayer, In the z = 0 plane the true 
pIaque initially grows faster than that of a plaque prod- 
uced by a source that is spread along a line of length 
Er (a cylindrical emitter). At the top of the layer the 
true piaque initiaily grows snore slowly than the cylin- 
drical emitter primarily because of the delay involved 
in the antibodies reaching the top surface. For the 
case under study the plaque very quickly takes on the 
two-dimensional limiting behavior in the z = a[2 plane. 

For pIaque experiments performed in thin layers a 
plot of Rf versus T has been found to yield a straight 
line with intercept To at R2 = 0 [20,25,28]. If there 
rlrere no time lags present, Ld if ffie layer were suf- 
ficiently thin that the tw&iimensional solution [eq, 

(9b)J held for the entire experiment, one would ex- 
pect the R* versus T curve to 80 through the origin. 
The fact t&it T 0 f 0 leads one to believe that sub- 
stantial time delays are present in the assay systcn;. 
The value of the lag time, To, is probably due to the 
sum of many effects: (a) the AFC do not start secret- 
ing antibodies immediately after being placed in the 
layer, (b) once complement is fixed lysis does not oc- 
cur instantaneously, (c) diffusional lags and (d) dcvia- 
tions from two-dimensional behavior. The importance 
of(c) and (d) will depend on the thickness of the lay- 
er and where in the layer the plaque radius is meas- 
ured. Notice from fig. 411 that if the plaque rndius is 
measured at the top surface, f = I, the diffusional lag 
and deviation from two-dimensional behavior give a 
positive contribution to To_ However, if the plaque 
radius is measured at the level of the AK, z = 0, a 
straight line fit to the data will yield a negative intcr- 
cept (contribution to To)_ This apparent negative lag 
is due to the initial deviation from ideal twodimen- 
sional growth in which Ri at z = 0 grows faster than r 

4-3.2. Thick agar Buyer 

If the AFC used to generate the plaque in fig_ 4, 
which had O@ Z= 238, was placed in a thick get (It = 
O-16) of the same composition then 8 z= 35. For such 
a cell in a thick gel the plaque radius ohtaincd from 
the solution to the exact equation (9a) and the in- 
finite thr~edi~en$ion~l resttlt differ by less than 0.01% 
for t =Z 8 h as shown in fig. 5. Indeed eq. (33) predicts 
that the infinite threcdimensionsi result will hold for 
t s 58 h. Notice that the plaque exhibits quite differ- 
ent behavior in the thick and thin gels even though 
the AFC is identical. For the thin gc:cf within a short 
time Rzft approaches a constant (t~vo~imension~l 
lizit) while for the thick gel R, appears to approach 
a constant (infinite three-dimensional limit). One 
should also notice that since R p remains essentially 
constant for t 3 1.5 h one might be misled into con- 
cluding that the AFC had ceased emitting antibodies, 
In fact, if complement were present in the media dur- 
ing the course of the experiment, one could not dis- 
tinguish this case from that of a cell secreting anti- 
bodies at a constant rate forever. 

Even thou+ the threedimensional result may be 
a valid approximation for over 50 h, eventually the 
~vod~ensional result will be &eyed. This result 
clearly shows that the mathematical problem of 
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Fig. 5,171e plaque radius squared as a function of time for an 
AFC in the center of a layer of thicknwh = 0.16. The e.xxt 
and in&.ite 3D results are indistinguishable for the times 
strewn. The ptaque radius is mtsured In the z = 0 p&se. B = 
38 and D = 8.0 X IO4 cm2/s. 

tom 3f the layer (2’ = --r)_ Since the AFC are in can- 
tact with the boundary the inftite ~eed~e~~n~ 
limit [cq. (9a) j can not hold, no matter how &art 
the time. However, it is easy to modify the limit. At 
short times the upper boundary will have a negligibfe 
effect and therefore the limiting result is the solution 
to the problem of a source on top of an impenetrable 
surface where diffusion can take place anywhere above 
the surface. The solution of this problem is just the 
sum of the concentrations due to the source and its 
image. For a single boundary the source and image are 
equidistant from the plane (see fig. 2). As the source 
is moved closer to the boundary the image aIso moves 
closer. When the source is on the boundary so is the 
image. The effect of the boundary is to make the 
AFC appear to secrete at twice its true secretion rafe. 
For an AFC on the boundary the short time limit is 
obtained by Ietting S equal 2% in eq. (9a), i.e. 

plaque growth can fruitfully be interpreted as a mu& 
tiple time scale problem and attacked from the view- 
point of perturbation theory- 

4_3.3_ T&e ~~~~ @W 
In the liquid layer assays the AFC fail ta the bot- 

The bng time limit, eq. (9b), remains unchanged. 
The curve for the growth of a plaque produced by 

an AFC at the buttom of a liquid layer is shown in 
Eg. 6. It can be seen that #P semi-infinite threedi- 
mensional result, obtained by solving eq. (34), agrees 
weli with the exact result for t-5 5 mitt. 

Fig_ 6.2% plaque radius squared as a fnnction Of tie fur an AFC at the tittom (2 = -0 of a Eqtid Iayer (0 = 1.7 X HI-’ ~‘/s~ 
of rhi&ness h = iLO1 cm B = 5-O- Exi-0 and 3D(-0 label curves coxrespon&g to the exst and madEed Mulife z&e-dime* 
sianal results for the phque radius m-e at the bottom of t&e layer. 2D f&se& the cttrve far the two-dimension;tl rimit. 



Merchant and Peterson [26] compared the distribu- 
tion of plaque radii after 1 h obtained using G thin (Jz 
= 3 X iW3 cm) microchamber technique with the 
distribution obtained using a thick layer (fz > 0.16 cm) 
plaque-in-agar assay_ For this microchamber assay eq. 
(28) predicts that the twodimensiona1 soIutioa is val- 
id when t >, 40 min, e:rcept possibly for the very 
weakest antibady secretes% For the thick gel eq. (33) 
predicts that the infinite three-dimensionat result is 
valid, for all B values of interest, for the entire dura- 
tion of the experiment. Thus the limiting results can 
be used to analyze the experiments. 

Given the distribution of Plaque radii obtained in 
the microchamber one can predict the distribution in 
the thick gel_ We have done this and in fig. 7 we com- 
pare our predictions with the experimental results_ 
The theoretical distribution of plaque radii was ob- 
tained in the following way: i3e effective diffusion 
coefficient for IgM in the microchamber was taken to 
be D~o,<v = 1.7 X 10m7 cm2/s since no support ma- 
terial was used id the chamber. For each plaque radi- 
uS@=&%D 2o ,vt was calculated for t = I h. Then 
the ff v&e corrksponding to each R, was obtained 
from eq. (27) and tables for the function El( l )_ +fhe 
rp values for the thick gel were then calculated from 
these B values by using eq. (9sa). D in the gel was taken 
to be 4.0 X lo-* cm2]s [29]. As one can see in fig_ 7 

the results are in good ~~~e~rn~n~, illustrating that the 

I , L 

Fg_ 7. The open eirc!es (0) correspond to distributions or 
pIzque ndii as measured by Merchant and Peterson in a tkick 
gel [26] _ The results are reported for two mice. From distri- 
butions they obtained using a liquid microchamber (not 
shown) the expected distriiutions of plaque radii in thick gel 
hzve been ealcula~ed. The closed tides f-1 are the theoretical 
predictioris. 

differences that Merchant and Peterson observed be- 
tween the microchamber and plaque-in-sgar teoh- 
niques were mainly geometrical and due to the differ- 
ent values of R and Ir. 

In various modifications of the plaque assay differ- 
ent geometries arc used _ Here we diecuss the appiica- 
bility of our resulrs, .vhich assume ;i single layer of 
thickness, fz, to these systems. 

NossnI et 91. [25,271 use 2 plaque assay in which 
the layer containing the AFC, REC, nutrient, support 
material and compIement is plated directly on a slide 
and then covered with oil. Since there will be negli- 
gible diffusion of antibodies into the oil, the assay 
can be modeled as taking place in a layer bounded by 
two impciletrable surfrtces. In some applications of 
the plaque-in-agar and liquid monolayer techniques 
there are two layers between the impenetrable sur- 
faces which differ in that one contains RBC and AFC 
and the other does not_ For example, this occurs in 
the plaque-in-agar technique when a bottom Iayer of 
agar is used. If D*, the effective antibody diffusion 
coefficient in the layer containing the RBC, differs 
little from Do, the antibody diffusion cocfficiznt in 
the layer containing no cells, then one can calculate 
the free antibody concentration by considering ZI 
single layer whose thickness is the sum of the heights 
of the two layers_ Of course. eq. (4) only holds in the 
layer which contains RBC since only in that layer can 
binding occur. We expect that for most direct plaque 
experiments it is reasonable to assume that D* = D 
Recall that D* = D/1( 1 f uKpo). The REX cause D Jz’ 

to differ from LI, in two ways: they take up volume 
and therefore slow the diffusion of antibodies out- 
ward (if this is negligible then D a Do); they bind 
antibodies and cause D” to be reduced by 1 I( I+vKpO). 

For typical Plaque-in-agar assays the fraction of 
the volume taken up by RBC is smali, of the order of 
a few percent f 1226) f _ In a liquid microch~nlber ex- 

f If the fraction of the volume occupied in a Iayer by RBC is 
F = vRBC/vT, where VRsC is th; RBC volume and VT the 
total voIume of the Iayer, then tic change in D can be esti- 
mated from the form&D = Do(t -3F/Z) I38 1. (This result 
was derived for the conductivity of a layer with spheres of 
zero conductivity imbcddcd in it, This result holds for dif- 
fusion coefficients as wetl [39] .) When F = 0.002.0 = 0.97. 
For the liquid monotayer F = 0.1s and D = 0.73 DO. 



periment the RBC can occupy a considerable fraction 
of the volume of the monolayer formed cm the bot- 
tom of the chamber. (If the height of the monolayer 
is taken to be 7 ,Q, then in Merchant and Peterson’s 
experiment [26], 18% of the volume of the mono- 
layer is occupied by RBC.) However the volume of 
the’monolayar is small compared to the total volume 
of the chamber (23% in ref. [26J) so that changes in 
the antibody concentration arise primarily from anti- 
bodies diffusing outside the monofayer with diffusion 
coefficient L?+ Fur this reason we feel the error in- 
troduced by assuming antibodies diffuse everywhere 
in the chamber with diffusion coefficient Do is small. 

Usually, the effect of the binding is negligible on 
D* for plaques formed by IgM through singIe site 
binding [3]. TypicaU;r for IgM binding to RBC e * 105 
sites/RBC, PRBC *2X 108RBC/cm2,u=10andK= 
IO5 Iv!-” so that uKpo = 0.03 and D* = 0.97 D_ Thus 
we expect that the theory presented is applicable to 
the various assays discussed in section 2. 

When h is chosen such that either the two or in- 
ftite three-dimensional limiting cases hoId, the math- 
ematical expressions which describe plaque growth 
greatly simplify. This should be an important con- 
sideration for studies in which measurements of 
plaque radii are used to obtain quantitative informa- 
tion. However, even when only qualitative infonna- 
tion is desired it may be important to choose h in a 
particular way- For example, if one is studying the 
effects of a metabolic poison rvhere a decrease in se- 
cretion rate is expected then it is important not to 
use very thick layers- For in such layers the plaque 
will reach a steady state size, afier which a decrease 
in secretion rate, even to zero, will have no effect on 
the plaque. This, of course, presumes that comple- 
ment had been added to the layer at the beginning of 
the experiment so that the growth of the plaque 
could be folIowed in time- (The problems of deter- 
mining variations in secretion rate by studying the 
time development of plaques in thin layers is dis- 
cussed in ref_ [9]-) 

The ma~ematic~ complexities of working with 
the two- and ~reed~e~oo~ solutions are about 
equal, however, for certain types of studies one limit 

rather than the other may be particularly advantage- 
ous. if one is studying the effect of a parameter such 
as epitope density, antibody diffusion coefficient, or 
AFC secretion rate one would like to maximize the 
sensitivity of the plaque assay to changes In “Se pa- 
rameter. If x is the parameter, then one wants to 
choose the two-dimensional iimit if d$/dy > d@ti 
and choose the three-dimensional limit if &$dx > 
dl$fdx. For x = S the secretion rate, one finds 

dInrp I _=- din@ 
dx Ii-kf exp{-~)/~(~*~)~‘z dx ’ 

threedimen;ional; 

Wa) 

dlnR,/dr = - $ exp (@I d In 8/dx, twodimensional. 
(35bI 

As t + m eq. (35a) simplifies to 

d In ‘#Ix = -dfn@/dx- (361 

Thus when $ exp (fi) e = $exp (p)Et Ifi) is greater than 
1, the fractional change in the twod~ension~ pfaque 
radius, R,, is greater than the fractional change in the 
steady state ~reed~ension~ plaque radius, rp, for 
equal variation of the secretion rate. Since f expCp& @f3) 
> 1 forijlC0.1 or8 =EI(@)> 1.8 oneshould use a 
thin layer system to study AFC with 8 > 1.8 (weak 
antibody secreters) and thick layer systems to study 
AFC with 0 < 1.8 (strong antibody secreters). A sirn- 
ilar analysis can be done for other choices of the ‘var- 
ied parameter x. 

In some instances it may be useful to have a plaque 
reach a final steady state size. In such circum_stances 
a thick gayer system should be used_ T&e time it takes 
a plaque to reach, say 95% of steady state size may 
be estimated as follows: 

rp/rpft -+ -) = erfc (&V). 

Let m be such that erfc (m) = 0.95; i.e. m = 0.056; 
then m2 = 0 = T2p/4Pto.95 or 

fog5 = (0.95)W/4&&+ = 71.9 G/e20*, (37) 

where we have replaced rP by 0_9Sr,(r --f -) and we 
have replaced r& --f -) by h/O. 

ff on the RBC surface the density ofbinding sites 
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is high enough then a single antibody can bind more 
than one RBC binding site. Such multisite attach- 
ments have been modeled as an irreversible reaction 
for r 5 1 h [7]. For such binding, the growth of 
plaques has been stuaied in the two limiting cases of 
two-dimensional and infinite three-dimensional diffu- 
sion [7,8j. Results similar to those represented by 
eq. (24) can be obtained for the finite layer geometry 
by using the same techniques as outlined in section 3. 
For completeness the multisite results are summarized 
in appendix 2. 

5. Summary 

The kinetics of hemolytic plaque growth is deter- 
mined in part by the thickness of the layer used in 
the assay. For the range of layer thicknesses common- 
ly used, the time development can vary dramatically_ 
At one extreme is the thin layer (or long time limit) 
where the diffusion is planar [two-dimensional limit, 
eq. (9b)] _ At the other extreme is the thick layer (or 
short time limit) where the diffusion is unaffected by 
the boundaries [infinite threedimensional limit, eq. 
(9a)] _ When the binding of antibodies to RBC is equi- 
librium controlled, and the AFC secrete antibodies 
at a constant rate, R2/t = constant in the twodimen- 
sional limit, while inPthe infmite three-dimensional 
limit, the plaque radius starts out growing rapidly and 
then approaches a constant value. For typical plaque 
experiments (t z 1 h) the two-dimensional limit will 
hold for layer thicknesses h 5 3.0 X 10m3 cm, while 
the infiite three-dimensional limit will hold for iz 2 
10-l cm. An exception to the latter case is when an 
AFC is near the top or bottom of the layer. Then de- 
viations from the infinite three-dimensional limit can 
occur for t < 1 h. In the liquid layer techniques the 
AFC are on the bottom of the layer. The effect of the 
boundary is to cause twice as many antibodies to dif- 
fuse into the upper half plane (above the AFC) as 
would if no boundary were present. The AFC thus, 
at short times, appears to secrete antibodies at twice 
its true secretion rate. The thick layer (or short time) 
limit for the liquid layer, eq. (34), is obtained by re- 
placing S by 25 in the equation for the infinite three- 
dimensional limit [eq. (9a)]. 

When 3.0 X XOs3 <tr < 1.0 X 10-l, for at least 
some AFC, neither limiting result will give the correct 

description of plaque growth. Then one must use the 
more complicated exact results, eq. (24), to predict 
the proper time development of the plaque. it is ex- 
ceedingly important to know the value of h in order 
to properly interpret plaque data_ If the wrong limit 
is applied, one can be grossly misled about the be- 
havior of the AFC. 

Appendix 1 

We derive a necessary condition for the validity of 
the infiiite threedimensional solution when 0 takes 
on large values. We consider only the case when the 
AFC is in the center of the gel. The exact equation, 
eq. (24a), reduces to the threedimensional !imit when 
a3 can be approximated by its first term, i.e. 

(/z/r) erfc [(z-*/4D*r)t” ] 

[see eq. (19)] _ 

The plaque radius is closest to the boundary on the 
z-axis. At the point (0, O,zp), eq. (1.1) becomes 

(l/j-)erfc@/2) +a% ~[erfc[‘z~‘~~~~~““’ 

erfc [rz( 1 +f]n) Bh/’ 1 
f 1 ltf/1z ’ (1.2) 

where f = zp/h and BA12 = h2f4D*r_ When the three- 
dimensional solution holds 

0 =(l/fierfcCfS0112)_ (1.3) 

Since 1 > erfc (x) for x, f < 1 /O _ For large 0, f/n < 1. 

Neglecting terms of order f/n eq. (1.2) becomes 

(I /fl erfc qLIA’*) 9 2 nG ( 1 //z) erfc (tz@). (1.4) 

We assume that for Iz >n*, tk argument of erfc ( - ) 
is such that the higher terms in the sum can be ne- 
glected, This value of the argument we call c [in nu- 
merical work we take c = 1.16, i.e., erfc(c) = 0.11 

tz*BLf2 = c 
0 - (1.5) 

We define t3 so that at t = t3 eq. (1.5) is satisfied. 
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Thus 

r3 = (,1*)=h2/4D*c2 _ 

For r < t3 eq. (I A) now becomes 

(r/nerfc~~1’2)~,(,,*) 0 , 

where 
n* 

(1.6) 

(1.7) 

S(rr*) = El (l/n) erfc(rrc/ PI’). (1.8) 

When the three-dimensional solution holds the right 
hand side of eq. (1.7) equals 8, i.e. 

0 > 2S(n”). (1.9) 

In table 4 we list values of S(rt*) for various N*_ 
To each value of tz* there corresponds by eq_ (l-6) a 
value of t3 _ Thus for all B % 2S(n*), it is necessary 
for t to be less than t3 for the three-dimensional so- 
lution to hold. We assume eq. (19) holds when 0 > 
B *in = 2OOS(tZ*). 

Appendix 2 

The time deveIopment of a plaque produced by 
an AFC in a finite laye: depends both on the thick- 

Table 4 a) 

n* S(n*) emin f& = 5 x 10” cm) 

m 

1 O.IOl 20.2 0.76 
2 0.46 3 92.6 3.04 
3 0.755 151.0 6.83 
4 0.986 197.2 12.14 
S 1.175 235.0 18.97 
6 1.334 266.8 27.32 
7 1.471 294.2 37.19 
8 1.593 318.6 48.57 
9 1.701 340.2 61.47 

10 1.798 359.6 75.89 

a) S(n’) = &, (I/n)erfc(nc/n*), where c = 1.16.e . is 
the minimum value of 0 for which 13 > 200 S(n’).?$has 
been calculated for a layer of thickncssh = 5 X 10W2 cm 
and D = 1.7 x lo-’ crn2/s. For a given 0. it is necessary 
fort to be less than r3 for the threc&mensional soIution 
to hold. For the largest estimate of c3 choose the c3 value 
corresponding to the iazgest value of Brnh for which 0 > 

elTlin- 

ness of the layer and the way in which antibodies 
bind to RBC. In the text we treated a particular bind- 
ing scheme, that where the free and bound antibodies 
are in local equilibrium. However, the method we 
used is quite general and can be applied to a variety 
of antibody-RBC interactions. Here we outline how 
to obtain solutions when (1) the antibodies bind ir- 
reversibly to the RBC surface (k, = 0) and (2) the 
fraction of sites bound on any RBC is small (p = p,,). 
With these conditions cg obeys the following equa- 
tion: 

&,I& = vk&p, 

and the equation to be solved is therefore 

(I/D) aciat = v% - (~pqkp~c 

(2.1) 

+ (S/D)S(x)i%y)S(z-z’;, (2.2) 

where at z = 51, acfaz = 0, and c&y. z. f) + 0 as 

hy + m for all finite t. 
We foihv the procedure outlined in section 3 and 

first solve for c’ = &/at and then integrate c’ over 
time to obtain c_ The equation for c* can be obtained 
from eq. (2.2) by replacing S by S(t). For the case 
of an infinite threedimensional geometry [B 1, 

c’(r, t) = S(417Dt)-~‘= exp (-DA2 t - 9/4Dt), (2-3) 

where X = (ukfpo 10) l/2 . 

The solution to the finite layer problem is obtain- 

ed by adding up ali the contributions from the image 
source<. The result is just eq. (16) with D* = D and 
exp (-DA2?) multiplying the entire expression. When 
c’(x, y. z, r) is integrated over T from 0 to t, the result 
is: 

c(x, Y, z, r) = (sj8xDJz)a3, 

where 

(2-4) 

+ exp (hr,) erfc[@ f A(Df)“2] /r, 

+ exp (--X+&) erfc [BIJI;! - A(Dr)1/2 ] /L, 

f exp (iI&.,) erfc@AR f X(Dr)“2] /Ln ] . (2.5) 

The parameters &, B,, rn and Ln are defined by eqs. 
(18b)--(lSe) withD* =D. 

JZq_ (23) converges rapidly for short times. To ob- 



tain a series that converges rapidly for long times just 
as in the text, one transforms C’ with eq. (19) and 
then integrates. 

Appendix 3: List of symbols 

AFC = antibady forming cell. 
c = free antibody concentration_ 
c’ = acjat. 
cb - bound antibody concentration. 
D = diffusion coefficient of an antibody in 

the layer in the presence of RBC, 

05 = diffusion coefficient of an antibody in the 
layer in the absence of REC. 

DTQ,W = diffusion coefficient of an antibody in water 
at a temperature of 20DC. 

Df = the hindered diffusion coefficient equal to 

W’( 1 f UKpo). 
e = epitope density, i.e. the number of binding 

sites per RBC. 

f = T#Z*. 
h = the total thickness of the layer_ 
h” = the distance from the AFC to its nearest 

image. 

kf = overall forward rate constant for the binding 
of an antibody combining site with the RBC 
surface. 

fir = overall reverse rate constant for the dissocia- 
tion af an antibody comb&zing site with the 
RBC surface, 

K = kflklr, affinity of a single antibody combining 
site with the RBC surface, 

I = half thickness of the layer (l = h/2). 
N = average number of antibodies bolrnd to a 

RBC at the pfaqrte radius- 

;c 
= threedimensionti position vector. 
= twodimensional position vector. 

“P = plaque radius in the infinite threedimension- 
ai limit when the plaque is spherical. 

% 
= plaque radius in the ~od~ension~ Iim it 

when the plaque is cylindrical_ 
=C = red blood cells. 
S = rate (Abls) at which antibodies are secreted 

by the AFC. 
t = secretion time equal to T-To. 
I” = total *hne the AFC is in the Layer. 

% = the time at which the AFC starts secreting. 

t2 

t3 

2’ 

= time beyond which the twodimensional re- 
sult holds. 

= time up to which the threedimensional re- 
sult holds. 

= position of the AFC above the center of the 

P 
layer. 

e 
= up% 
= &dlhN/vKeS, a parameter that characterizes the 

the strength of the AFC. 

P = concentration of free antigenic determinants 
(free RBC binding sites), 

PO = total (free pius bound) concentration of bind- 
ing sites. 

PRBC = concentration of RBC. 

02 = intinite sum which converges to the two-di- 
mentional &nit at Iong times- 

03 = infinite sum which converges to the three- 
dimensionaI limit a? short times. 
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